Abstract. Let L be a holomorphic line bundle over a compact complex projective Hermitian manifold X. Any fixed smooth hermitian metric φ on L induces a Hilbert space structure on the space of global holomorphic sections with values in the kth tensor power of L. In this paper various convergence results are obtained for the corresponding Bergman kernels (i.e., orthogonal projection kernels). The convergence is studied in the large k limit and is expressed in terms of the equilibrium metric φe associated to the fixed metric φ, as well as in terms of the Monge-Ampere measure of the metric φ itself on a certain support set. It is also shown that the equilibrium metric is C 1,1 on the complement of the augmented base locus of L. For L ample these results give generalizations of well-known results concerning the case when the curvature of φ is globally positive (then φe = φ). In general, the results can be seen as local metrized versions of Fujita's approximation theorem for the volume of L.
In the case when the curvature form dd c φ is globally positive the asymptotic properties of the Bergman kernel K k (x, y) as k tends to infinity have been studied thoroughly with numerous applications in complex geometry and mathematical physics. For example, K k (x, y) admits a complete local asymptotic expansion in powers of k; the Tian-Zelditch-Catlin expansion (see [37] , [8] and references therein). The point is that when the curvature form dd c φ is globally positive, the Bergman kernel asymptotics at a fixed point may be localized and hence only depend (up to negligable terms) on the covariant derivatives of dd c φ at the fixed point.
The aim of the present paper is to study the case of a general smooth metric φ on an arbitirary line bundle L over a projective manifold, where global effects become important and where there appears to be very few previous general results even in the case when the line bundle L is ample (and even when X is a complex curve). We will be mainly concerned with three natural positive measures on X associated to the setup introduced above. In order to introduce these measures first assume that the line bundle L is ample. The first measure on X to be considered is the equilibrium measure
where φ e is the equilibrium metric defined by the upper envelope 3.1 (i.e., φ e (x) = sup φ(x), where the supremum is taken over all metrics φ ≤ φ with positive curvature). For example, when X is the projective line P 1 and L is the hyperplane line bundle O(1) the measure µ φ is a minimizer of the "weighted logarithmic energy" [32] . Next, the weak large k limit of the measures
where B k (x) := K k (x, x)e −kφ will be referred to as the Bergman function is considered and finally the limit of the measure (dd c (k −1 ln K k (x, x))) n /n!, often referred to as the kth Bergman volume form on X associated to (L, φ) (and
) is called the kth Bergman metric on L).
When L is ample it is well known that the integrals over X of all three measures coincide. In fact, the integrals all equal the integral over X of the possibly nonpositive form (dd c φ) n /n!, as is usually shown by combining the Riemann-Roch theorem with Kodaira vanishing. The main point of the present paper is to show the corresponding local statement. In fact, all three measures will be shown to coincide with the measure In the case when the metric φ has a semi-positive curvature form, φ e = φ, i.e. the set D equals all of X.
Before turning to the the statement of the main general results, note that when L is not ample, the main new feature is that the equilibrium metric φ e will usually have singularities (i.e., points where it is equal to −∞) and its curvature dd c φ e is a positive current. However, as is well-known it does give a metric on L with minimal singularities. Such metrics play a key role in complex geometry (compare Remark 3.5). Similarly, the Bergman metric k −1 ln K k (x, x) is singular along the base locus Bs( |kL|) of L, i.e., along the common zero-locus of the sections in H 0 (X, L k ). Still, the convergence results refered to above in the case when L is ample will be shown to hold provided that the measures are extended by zero over the singularities. Then integrating over X gives new proofs of Boucksom's version of Fujita's approximation theorem for the volume of the line bundle L [22] , [10] and its interpretation in terms of intersection of zero-sets of sections in H 0 (X, L k ) by Demailly-Ein-Lazarsfeld [20] . Finally, the asymptotic properties of the full Bergman kernel K k (x, y) are studied.
The present approach to the Bergman kernel asymptotics is based on the use of "local holomorphic Morse-inequalities", which are local version of the global ones introduced by Demailly [15] . These inequalities are then combined with some L 2 -estimates and global pluripotential theory, the pluripotential part being based on the recent work [24] by Guedj-Zeriahi. Conversely, it turns out that several basic, but nontrivial, results in pluripotential theory may be obtained as consequences of the Bergman kernel asymptotics (compare for example Remark 3.2).
A crucial step is to first show the C 1,1 -regularity of the equilibrium metric φ e on the complement of the augmented base-locus B + (L), which should be of independent interest.
Statement of the main results.
We will assume that X is a projective manifold (however see Remark 1.9). By the Kodaira embedding theorem this just means that X is any compact complex manifold which carries some ample line bundle. Let (L, φ) be a smooth Hermitian holomorphic line bundle over X. The equilibrium measure on X (associated to the smooth metric φ on L) is defined as the positive measure
where U(L) is the open set in X where the equilibrium metric φ e is locally bounded (see Section 3) . The main situation that will be considered is when the line bundle L is big, i.e., it admits some metric with strictly positive curvature current. To any line bundle L one can associate its augmented base locus B + (L). This is an analytic subvariety of X, which is proper precisely when L is big (see Section 2) . The first theorem to be proved is used to express µ φ in terms of (dd c φ) n on the set D (formula 1.2 above).
THEOREM 1.1. Suppose that L is a big line bundle and that the given metric φ on L is smooth (i.e., in the class C 2 ). Then the equilibrium metruc φ e is locally in the class C 1,1 on the Zariski-open set X − B + (L), i.e., φ e is differentiable and all of its first partial derivatives are locally Lipschitz continuous there.
The regularity theorem is essentially optimal (compare the Examples 5.2 and 5.3).
As an immediate consequence of the theorem one obtains a metric with positive curvature current and minimal singularities (see Remark 3.5 for the definition) which is C 1,1 on a nonempty Zariski open set. When L is big but non-ample the existence of such a metric appears to be a new result, which should have an independent interest in complex geometry.
COROLLARY 1.2. Let L be any line bundle over a projective manifold X. Then n!µ
In particular, L is non-big precisely when the measure 1 D (dd c φ) n vanishes on all of X.
Next, we will consider a situation which is slightly more general than the one considered in the introduction above, where we also fix another smooth Hermitian holomorphic line bundle (F, φ F ) over X. The corresponding Hilbert space of global holomorphic sections of L k ⊗ F will be denoted by H(X, L k ⊗ F).The next theorem which should be considered as the main result of this paper gives that, in general, the corresponding Bergman measure k −n B k ω n introduced above (formula 1.1) converges to the equilibrium measure µ φ .
THEOREM 1.3. Let B k be the Bergman function of the Hilbert space H(X, L k ⊗ F). Then the following weak convergence of measures holds:
where µ φ is the equilibrium measure. Moreover, if L is a big line bundle, then Note that in many cases the support of the equilibrium measure µ φ is a smooth domain in X, coinciding with the set D ∩ X(0) (see Figure 1 .1). Then the set above where the point-wise convergence holds is precisely the interior of this domain. Already in these cases the convergence in 1.4 is never uniform on all of X, since it would imply that the limit is continuous, i.e., that µ φ had a continuous density.
The Bergman function B k may be interpreted as a "dimensional density" of the Hilbert space
Integrating the convergence of the Bergman kernel in the previous theoorem now gives the following version of Fujita's approximation theorem [22] , [10] (compare Remark 4.7 for a comparison with closely related expressions of Vol(L)).
COROLLARY 1.4. The volume of a line bundle L is given by the total mass of the equilibrium measure:
and Vol(L) = 0 precisely when L is not big.
The following theorem gives, in particular, the weak convergence on X of the kth Bergman volume forms (extended by zero over the base-locus of L k ⊗ F).
THEOREM 1.5. Let K k be the Bergman kernel of the Hilbert space H(X, E(k).
Then the following convergence holds:
Moreover, the corresponding kth Bergman volume forms converge to the equilibrium measure:
weakly as measures on X.
For an ample line bundle L it is a classical fact that the volume Vol(L) may be expressed as an intersection number L n . More generally, for any line bundle L over X the intersection of the zero-sets of n "generic" sections in H 0 (X, L k ) with X − Bs( |kL|) (the complement of the common zero-locus of all sections) is a finite number of points. The number of points is called the moving intersection number and is denoted by (kL) [n] . The following corollary was first obtained in [20] from Fujita's approximation theorem (see [30] for further references). The proof given here combines Theorem 1.5 with properties of zeroes of "random sections" [33] . [n] k n .
In fact, if we, following Shiffman-Zelditch [33] , endow the Hilbert space H 0 (X, L k ) with its Gaussian probability measure, the previous convergence result can be made considerably more precise. Indeed, given a smooth domain U in X one may consider the expected number of "moving" common zeroes of n independent random sections in H 0 (X, L k ). Then Theorem 1.5 implies that this number converges, when k → ∞, to the mass in U of the equilbrium measure µ φ . Hence, Theorem 1.5 extends the corresponding result of Shiffman-Zelditch [33] , which concerned the positively curved case. Compare Remark 4.10.
The final two theorems concern the full Bergman kernel K k (x, y). First, the weak convergence of the squared point-wise norm of the K k (x, y) is obtained: THEOREM 1.7. Let L be a line bundle and let K k be the Bergman kernel of the
as measures on X × X, in the weak *-topology, where ∆ is the current of integration along the diagonal in X × X.
Then a generalization of the Tian-Zelditch-Catlin expansion [37] for a globally positively curved line bundle is shown to hold for any (big) Hermitian line bundle L over a compact manifold X. We will call the bulk (of the equilibrium measure of φ) the interior of the intersection of D ∩ X(0) − B + (L) with the set where φ is smooth (i.e., in the class C ∞ ). In other words, a point is in the bulk if it is not in the augmented base locus of L and it has a neighborhood where the metric φ is smooth with strictly positive curvature and where φ e = φ. 
where b i are global well-defined functions expressed as polynomials in the covariant derivatives of dd c φ (and of the curvature of the metric ω) which can be obtained by the recursion given in [8] .
is exponentially small as soon as x or y is in the complement of D. It should be pointed out that, in general, it seems very hard to say something about the "size" of the complement of the bulk seen as a subset of the support S of the equilibrium measure. However, in the case referred to in connection to Theorem 1.3, the bulk is simply the interior of S. Remark 1.9. The assumption on φ may be relaxed to assuming that φ is in the class C 1,1 . For example, the proof of the regularity Theorem 1.1 still goes through and the local Morse inequalities (Lemma 4.1) still apply (almost everwhere on X) as shown in [5] . Moreover, all results remain true (with essentially the same proofs) if one removes the assumption that X be a projective manifold as long as X is assumed to be Moishezon, i.e., bimeromorphically equivalent to a projective manifold. As is well-known this latter property is equivalent to the existence of a big line bundle over X. However, if X is not even assumed to be Moishezon, it seems difficult to prove the last statement in Corollary 1.2, i.e., that 1 D det (dd c φ) = 0 as a measure on X if L is not big. But if (X, ω) is assumed to be a Kähler manifold (or at least a modification of a Kähler manifold) then this would follow, by a variant of the proof of Corollary 1.2, from the following conjecture, which seem natural in view of Theorem 1.1. The conjecture is expressed in terms of quasi plurisubharmonic functions [24] The point is that when ω = dd c φ, where φ denotes a metric on a line bundle L over X, then V X,ω = φ e − φ. More generally, if ω is only assumed to be a Kähler current, it seems natural to expect that the regularity holds on the Kähler locus of the class [ω] [10] .
Further comparison with previous results.
The present paper can be seen as a global geometric version of the situation recently studied in [5] , where the role of the Hilbert space H(X, L k ) was played by the space of all polynomials in C n of total degree less than k, equipped with a weighted norm (compare Section 5). For references to previous works concerning the complex plane see [5] . The proof of the C 1,1 -regularity of the equilibrium metric (on the complement of the augmented base locus of L) is partly modeled on the proof of Bedford-Taylor [2] , [29] for C 1,1 -regularity of the solution of the Dirichlet problem (with smooth boundary data) for the complex Monge-Ampere equation in the unit-ball in C n . The result should also be compared to various C 1,1 -results for boundary value problems for complex Monge-Ampere equations on manifolds with boundary [13] , [14] , intimately related to the study of the geometry of the space of Kähler metrics on a Kähler manifold (see also [31] , [9] for other relations to Bergman kernels in the latter context). However, the present situation rather corresponds to a free boundary value problem (compare Remark 3.11).
Further references and comments on the relation to the study of random polynomials (and holomorphic sections), random eigenvalues of normal matrices and various diffusion-controlled growth processes studied in the physics literature can be found in [5] .
Further generalizations.
In a sequel to this paper [7] subspace and restricted versions of the results in this paper will be obtained. The subspace version is a generalization of the case when the Hilbert space H(X, L k ) is replaced by the subspace of all sections vanishing to high order along a fixed divisor in X considered in the preprint [6] . Fixing a singular metric φ s on L (with analytic singularities) the Hilbert space H(X, L k ) is replaced with the subspace of all global holomorphic sections of the twisted multiplier ideal sheaf O(L k ⊗ I(kφ s )) (i.e., the space of all sections f k such that the point-wise norm |f k | 2 e −kφs is locally integrable) equipped with the Hilbert subspace norm in H(X, L k ) (i.e., the norm induced by the smooth metric φ). Similarly, the equilibrium metric φ e is replaced by the metric obtained by further demanding that φ ≤ φ s + C (i.e., that φ be more singular than φ s ) in the Definition 3.1 of φ e . As a special case new proofs of the results of Shiffman-Zelditch [35] about Hilbert spaces of polynomials with coefficients in a scaled Newton polytope are obtained.
The restricted versions are obtained by fixing an m-dimension complex submanifold V of X and replacing H(X, L k ) with the restricted space H(X, L k ) V equipped with the "restricted norm" obtained by integrating sections over V. Similarly, the equilibrium metric φ e is replaced by the metric defined on the restricted line bundle L V by only demanding that φ ≤ φ on V in the Definition 3.1. The corresponding Bergman kernel asymptotics can then be seen as local metrized versions of the very recent result in [21] concerning a generalized Fujita approximation theorem for the restricted volume (i.e., the asymptotic normalized
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General notation.
General references for this section are the books [23] , [16] .
Let (L, φ) be an Hermitian holomorphic line bundle over a compact complex manifold X. The fixed Hermitian fiber metric on L will be denoted by φ. In practice, φ is considered as a collection of local smooth functions. Namely, let s U be a local holomorphic trivializing section of L over an open set U then locally,
, where φ U is in the class C 2 , i.e., it has continuous derivatives of order two. If α k is a holomorphic section with values in L k , then over U it may be locally written as
where f U k is a local holomorphic function. In order to simplify the notation we will usually omit the dependence on the set U. The point-wise norm of α k may then be locally expressed as Fix another line bundle F with a smooth metric φ F and consider the following sequence of Hermitian holomorphic line bundles:
Fixing an Hermitian metric two-form ω on X (with associated volume form
using a suggestive notation in the last equality (compare formula 1.11).
Preliminaries: positivity and base loci.
Let L be a holomorphic line bundle over a compact projective Hermitian manifold (X, ω).
Positivity for line bundles and singular metrics.
The following notions of positivity will be used in the following [19] :
The line bundle L is said to be: (i) Pseudo-effective if it admits a metric φ with positive curvature current:
(ii) Big if it admits a metric φ with strictly positive curvature current:
(iii) Ample if it admits a smooth metric φ with strictly positive curvature form:
for all x in X.
Base loci.
Recall the following notions from [30] (part II). In this section we will, following [30] , use additive notation for tensor products of line bundles. For each fixed k, the base locus of the line bundle kL + F is defined as
(or as the corresponding ideal). The stable base locus B(L) of a line bundle L is defined [30] as the following analytic subvariety of X:
In other words, a point x is not in B(L) precisely when there is some section f k in H 0 (X, kL), for some k, which is nonvanishing at x. Moreover, the augumented base locus B + (L) is defined in the following way. Fix an ample line bundle on X. Then
for any sufficiently large number k (suitably interpreted using additive notation for tensor products). We will have great use for the following equivalent analytic definition of B + (L) introduced in [11] ) (and there called the non-Kähler locus)
in the sense that φ satisfies 2.1 and is smooth on some neighborhood of the point. The equivalence of the definitions is a direct consequence of Theorem 2.4 below. It amounts to showing that B + (L) is the intersection of all effective divisors E k ( = {f k = 0}) appearing in a "Kodaira decomposition"
for some positive natural number k. The point is that give any such decomposition
(where φ A is a fixed smooth metric with positive curvature on A) is a metric on L with strictly positive curvature current such that φ + is smooth on X − E. The reason for calling B + the augmented base locus is that
Remark 2.2. It is well known [11] that a line bundle L is ample precisely when B + (L) = ∅ and L is big precisely when B + (L) = X. In particular, L is non-ample and big precisely when B + (L) is a nonempty proper analytic subvarity of X. 
there is a section u with values in L k ⊗ F such that
where the constant C is independent of k and g.
The theorem is a standard consequence of Theorem 4.1 in [16] , which applies in the more general setting where X is a complete Kähler manifold. For the applications in the present paper, of the previous theorem, we will only use that C/k appearing in the inequality above is bounded.
The following extension theorem is a well-known asymptotic version of the Ohsawa-Takegoshi Theorem [19] :
. Let φ L and φ F be (singular) metrics as in 2.5. Fix a point x in X and take k sufficiently large. Then any element in (L
where the constant C is independent of k and α k (x).
The previous theorem will be used to extend sections from X − B + (L). The point is that given any (reasonable) metric kφ L + φ F on L k ⊗ F the following simple lemma provides a "strictly positively curved perturbation" ψ k to which Theorems 2.3 and 2.4 apply: 
for all k, for some neighborhood U(x 0 ) of x 0 . Moreover, if φ L is a metric with minimal singularities (see Remark 3.5) , for example the equilibrium metric φ e (Definition 3.1), then it may further be assumed that
of the required form for k ( < k) sufficiently large, satisfying 2.7. Finally, if φ L is a metric with minimal singularities we may assume that φ + ≤ φ L after substracting a sufficiently large constant from φ + e. Then 2.8 clearly holds.
It is perhaps worth pointing out (even if we will not use it) that the large number k in the statement of the previous lemma may be chosen independently of the point x 0 . Indeed, the metric φ + appearing may be taken to have a positive lower bound on its curvature current which is independent of x 0 , by taking φ + as in formula 2.4 with φ A independent of x 0 .
Equilibrium measures for line bundles.
Let L be a line bundle over a compact complex manifold X. Given a smooth metric φ on L the corresponding "equilibrium metric" φ e is defined as the envelope
where L (X,L) is the class consisting of all (possibly singular) metrics on L with positive curvature current. Then φ e is also in the class L (X,L) (Proposition 3.1 below). The Monge-Ampere measure (dd c φ e ) n /n! is well-defined on the open set
where U(x) is some neighborhood of x (see [2] , [28] , [24] for the definition of the Monge-Ampere measure of a locally bounded metric or plurisubharmonic function). The equilibrium measure (associated to the metric φ) is now defined as
and is hence a positive measure on X. It should be pointed out that U(L) could be replaced with any Zariski open set (for example by X − B + (L)). Indeed, it is well-known [28] that the Monge-Ampere measure of a locally bounded psh function integrates to zero over any locally pluripolar set. Now consider the following set
which is closed by (i) in the following proposition. PROPOSITION 3.1. The following holds:
Proof. (i) is obtained by combining Theorem 5.2 (2) and Proposition 5.6 in [24] .
The property (ii) is proved precisely as in the local theory in C n (compare Lemma 2.3 in the appendix of [32] ). Indeed, it is enough to prove the vanishing on any small ball in X − D. For an alternative proof, using Bergman kernels, see the remark below.
To prove (iii) fix a point x where dd c φ x < 0. Then there is a positive number and local coordinates z centered at x such that (
for ζ in the unit-disc ∆. Now take a candidate φ for the sup 3.1 and
Hence, the submean inequality for subharmonic functions (or the maximum principle) applied to ψ gives φ(x) − φ(x) = ψ (0) ≤ − . Taking the sup over all candidates φ then gives φ e (x) − φ(x) ≤ − which proves the proposition.
Remark 3.2. As will be shown below φ e is in the class C 1 and its second derivatives exist almost everywhere and are locally bounded on X−B + (L). Hence, one could also take 1 X−B+(L) det (dd c φ e )ω n as a somewhat more concrete definition of the equilibrium measure on X (which a posteriori anyway gives the same measure on X, according to Theorem 3.4 below). It is interesting to see that the vanishing of 1 X−B+(L) det (dd c φ e )ω n on (X − D) U(L) (corresponding to (ii) in the previous proposition) becomes a corollary of the proof of Theorem 1.3 (which is independent of the proof of (ii) in the previous proposition). PROPOSITION 
The following properties of equlibrium metrics hold
(i) (mφ) e = mφ e (ii) Let φ A be a metric on a line bundle A such that dd c φ A ≥ 0. Then D φ ⊆ D φ+φ A (iii) Assume
that L is big and let φ F be a smooth metric on a line bundle F. Then for any compact subset of X − B + (L) there is a constant C such that
for all sufficently large positive natural numbers m.
Proof. (i) is trivial. For (ii) note that φ e + φ A is a contender for the sup in the definition of (φ + φ A ) e . Hence, for x in D φ we get
This means that x is also in D φ+φ A , proving (ii).
To prove (iii) fix a compact set Ω in X − B + (L) and a metric φ + on L with strictly positive curvature current, such that φ + is smooth Ω with φ + ≤ φ on X. Let us first prove one side of the inequality, i.e.,
To this end first note that φ m is a metric on L and there is clearly a constant C such that
and since also φ m,+ ≤ φ, the extremal definition of φ e forces φ m,+ ≤ φ e . But since φ + is smooth on the compact set Ω this proves (3.4) . The other side of the inequality is obtained from (3.4) applied to φ = φ + 
More precisely, it holds for all points in the complement of the augmented base locus B + (L) where the second order jet of (φ e − φ) exists and vanishes.
Before turning to the proof of the theorem we will first show how to deduce its corollary: 3.1. Proof of Corollary 1.2. Case 1. L is big. In this case the last equality in 1.3 follows immediately from Proposition 3.1(iii). The second equality in 1.3 is obtained by combining (c) in Theorem 3.4 with the vanishing in Proposition 3.1(ii). Alternatively, the vanishing is obtained by combining the bound (4.13) applied to φ e = φ e with Theorem 1.3, giving
Case 2. L is pseudo-effective, but not big. Since X is assumed projective it carries an ample line bundle A. We equip A with a metric φ A with positive curvature form. Then Proposition 3.
Now the proof is finished by observing that he right-hand side tends to p −n µ pφ /n! = µ φ /n! = 0 when p tends to infinity. This last fact can be be shown using the continuity results in [10] Remark 3.5. For a general line bundle L the equilibrium metric φ e is an example of a metric with minimal singularities in the sense that for any other metric φ in L (X,L) there is a constant C such that φ ≤ φ e + C on X (when such an inequality holds φ is said to be more singular than φ e ) Such metrics play a key role in complex geometry [19] . Remark 3.6. In fact, the proof of the Theorem 3.4 only uses that the metric φ is locally of class C 1,1 and is hence valid in this more general situation. However, an important point is that even if φ is of the class C ∞ the equilibrium metric will usually only be C 1,1 (see Example 5.2).
3.2.
Proof of the regularity Theorem 3.4. As in [5] , where the manifold X was taken as C n , the proof is modeled on the proof of Bedford-Taylor [2] , [29] , [17] for C 1,1 -regularity of the solution of the Dirichlet problem (with smooth boundary data) for the complex Monge-Ampere equation in the unit-ball in C n . However, as opposed to C n and the unit-ball a generic compact Kähler manifold X has no global holomorphic vector fields. In order to circumvent this difficulty we will reduce the regularity problem on X to a problem on the manifold Y, where Y is the total space of the dual line bundle L * , identifying the base X with its embedding as the zero-section in Y. To any given (possibly singular) metric φ on L we may associate the logarithm χ φ of the "squared norm function" on Y, where locally (3.8) in terms of local coordinates z i on the base X and w along the fiber of L * . In this way we obtain a bijection
where L Y is the class of all positively logarithmically 2-homogeneous plurisubharmonic functions on Y:
using the natural multiplicative action of C * on the fibers of Y over X. Now we define
Then clearly, χ e corresponds to the equilibrium metric φ e under the bijection (3.9).
In the following we will denote by π the projection from Y onto X and by j the natural embedding of X in Y. We will fix a point
Then there is a divisor E (appearing in a Kodaira decomposition as in formula 2.3) such that y 0 is in Y − ( j(X) ∪ π −1 (E)). Since clearly (kφ) e = kφ e we may (since we are only interested in the regularity of φ e ) without loss of generality assume that k appearing in formula 2.3 is equal to one. Moreover, we fix an associated metric φ + (as in formula 2.4) that we write as
using the suggestive notation e for the defining section of E, and e(z) for any local representative. We may assume that φ + ≤ φ e . Later we will also assume the normalization χ φe ( y 0 ) = 0.
Existence of vector fields. The next lemma provides the vector fields needed in the modification of the approach of Bedford-Taylor. 
locally on the set {χ φ + ≤ 1} in Y (in the following we will fix some V i corresponding to m = 2).
Proof. First note that Y may be compactified by the following fiber-wise projectivized vector bundle:
where C denotes the trivial line bundle over X. Denote by O(1) the line bundle over Y whose restriction to each fiber (i.e., a one-dimensional complex space P 1 ) is the induced hyperplane line bundle. Next, we equip the line bundle
over Y, where π denotes the natural projection from Y to X, with a metric φ defined in the following way. First fix a smooth metric φ E on the line bundle [E] over X. Then
is a metric on L over Y (extending to Y) with strictly positive curvature currrent
where [X] is the divisor in Y determined by the embedding of X as the base. Indeed, X is embedded as the zero-set of the tautological section of π * (L * ) over Y( = L * ). Hence, the sections of TY⊗π * (L) k 0 may be identified with sections in TY vanishing to order k 0 on X. This proves (i) in (3.12). Moreover, by construction the vector fields V i satisfy
on any fixed neighborhood in Y over the divisor E in X. Choosing k 0 and k 1 sufficiently large then gives
Since, the factor |w| |e(z)| is bounded on the set {χ φ A +ln|e| 2 ≤ 0} this proves (ii) in (3.12).
Existence of the flow. For any given smooth vector field V on Y and compact subset K of Y, we denote by exp (tV) the corresponding flow which is well-defined for any "time" t in [0, t K ], i.e., the family of smooth maps indexed by t such that
for any smooth function f and point y on Y. We will also use the notation exp (V) := exp (1V).
Combining the previous lemma with the inverse function theorem gives local "exponential" holomorphic coordinates centered at y 0 , i.e., a local biholomorphism
We will write
for the induced additive action on functions f (where the flow is defined). Using that the vector fields V i necessarily also span TY y 1 for y 1 close to y 0 it can be checked that in order to prove that a function f is locally Lipschitz continuous on a compact subset of Y it is enough to, for each fixed point y 0 , prove an estimate of the form
for some constant C only depending on the function f . Since we will later take f to be equal to χ φe we may also, by homogenity, assume that χ φe ( y 0 ) = 0. In order to define the flow on a neighborhood U of the whole levelset {χ φ e = 0} (which is noncompact unless φ e is locally bounded) we will use a compactification argument: Note that Φ maps the set {χ φ+ ≤ 1 to the set {χ φ A ≤ 1}. Given a vector field
. Now fix a point in E corresponding to z = 0 in some local coordinates (z, w) for Y. Then the following local bound holds on the set {χ φ A ≤ 1} in Y over X − E:
)e(z).
Hence, chosing vector fields V i corresponding to m = 2 in (ii) in Lemma 3.7 ensures that (3.17) holds. Now fix a vector λ and write λ = tσ, where |λ| = t. Let V be the vector field on Y defined by the relation V(λ) = tV. By the local bounds 3.17, V extends to a holomorphic vector field on the set {χ φ A ≤ 1} in Y such that V vanishes identically on π −1 (E). Since, {y : χ φ A ( y ) ≤ 1} is compact in Y the flow exp(tV )( y ) is well-defined for |t| ≤ t 0 . Moreover, since V vanishes identically on π −1 (E) the set π −1 (X − E) is invariant under the flow. By the isomorphism Φ in (3.16) this proves the existence of the flow stated in the lemma under the assumption that y ∈ π −1 (X − E). But by the local bound (ii) in Lemma 3.7 the flow does extend holomorphically over π −1 (X − E).
To prove (3.15), note that since χ φ is smooth over X − E the defining property (3.13) of the flow gives
Hence, since V(λ) := |λ| ( λ i |λ| V i ), the constant C 0 in (3.15) may be taken to be
To see that C 0 is finite it is, by the compactness of X, enough to prove the bound over any z-coordinate ball in X. First consider local coordinates (z, w) on Y where z is centered at a point in X − E. Then (3.20) using the bound (i) in Lemma 3.7 for the first term in the right-hand side above and the assumption that φ is smooth on X − E for the second term. Finally, consider the case when z is centered at a point in E. Then
.
Hence, the bound (3.20) still holds, using that m( := 2) ≥ 1 in the local bound (ii) on V i in Lemma 3.7.
Finally note that the bounds for C α when the total degree of α is two may be obtained in a completely similar maner, now using that m = 2 to handle the Homogenization. To a given psh function g( y) (defined on some disc subbundle of Y) we will associate the following S 1 -invariant psh function:
g(e iθ y) (3.21) using the natural multiplicative action of C * on the fibers of Y over X, where u.s.c. denotes the upper-semicontinous regularization (using that the family g(e iθ ·) of psh functions is locally bounded from above [28] ).
The following simple lemma will allow us to "homogenize" in the normal direction of Y, as well:
LEMMA 3.9. Suppose that the function f is S 1 -invariant and psh on some disc subbundle U of Y containing the set {f ≤ c} in (Y −π −1 (E)), where E is an analytic variety in X. Moreover, assume that (i) f is strictly increasing along the fibers of Y over X and (ii) f < c on the base X and f > c on ∂U. Then there is a function f in the class
Proof. It is enough to construct such a function f on Y − π −1 (E)). Indeed, then f is locally bounded from above close to π −1 (E)) and hence extends as a unique psh function to Y [28] (more generally E may be allowed to be locally pluripolar). Hence we we may without loss of generality assume that E is empty in the following. First we will show that f −1 (c) is an S 1 -subbundle of Y over X, i.e. the claim that the equation
has a unique solution on π −1 (x), modulo the action of S 1 , for each fixed point x in X. To this end we identify the restriction of f to π −1 (x) with a convex function g(v) of v = ln |w| 2 (using that f is S 1 -invariant and psh). In particular, g is continuous. By the assumption (i) the equation g(v 0 ) = c has at most one solution. Moreover, by (ii) and the fact that g is continuous the solution v 0 does exist. This proves the claim above. Now define
To see that f is psh, we may, since the problem is local, assume that X is a ball in C n z . Write f (z, w) = φ(z) + ln |w| 2 and note that
using that f is strictly increasing along the fibers. Since f is psh it follows that ∂Ω is pseudoconvex. A classical result of Bremermann [12] for such Hartogs domains Ω now implies that φ(z) and hence f (z, w) is psh. Alternatively one can, by local approximation, reduce to the case when f is smooth and c regular. Proof. Given local coordinates on U, let
Since φ λ e (z, w) is psh (a local version of) (3.15) in Lemma 3.8) applied to φ = ln |w| 2 gives
Note that the constant C may be taken to be independent of the local coordinates as in the proof of (3.15) in Lemma 3.8, since the base X is compact. Now write
with g = f λ + C |λ| |w| 2 (over a neighborhood of E we use the local coordinates 
3.2.1.
Proof of (a)-(c) in Theorem 3.4. To prove (a) it is, by the bijection (3.9), equivalent to prove that χ e (defined by (3.11) ) is locally
Proof. Step 1. χ e ( := χ φe ) is locally Lipschitz continuous on Y
To see this fix a point y 0 as above. 
using that χ φ is smooth in the last inequality so that (3.15) in Lemma 3.8 can be applied. Since χ φ is S 1 -invariant (3.23) gives that
on the level set M λ and hence, by homogeneity, on all of Y. This shows that the function χ λ φe − C |λ| is a contender for the supremum in the Definition 3.11 of χ e and hence bounded by χ e . All in all we get that
The other side of the inequality (3.14) for f = χ λ φe is obtained after replacing λ by −λ.
Step 2. dχ e exists and is locally Lipschitz continuous on Y − X. Following the exposition in [17] of the approach of Bedford-Taylor it is enough to prove the following inequality:
where the constant only depends on the second derivatives of χ φ . Indeed, given this inequality (combined with the fact that χ φe is psh) a Taylor expansion of degree 2 gives the following bound close to y 0 for a local smooth approximation χ of χ φe :
where χ := χ φe * u , using a local regularizing kernel u and where D 2 χ denotes the real local Hessian matrix of χ φe . Letting tend to 0 then proves Step 2. Finally, to see that the inequality (3.25) holds we apply the argument in Step 1 after replacing χ λ φe by the psh function
to get the following bound on the level set {y: g( y) = g( y 0 )}:
Next, observe that for each fixed θ the function χ φ (e iθ y) is in the class C 2 . Hence, a Taylor expansion of degree 2 in the right-hand side of formula (3.19) gives
where the constant C may be taken as a constant times sup U D 2 χ φ V, V η in terms of some fixed metric η on TY. This shows that g − C |λ| 2 is a contender for the supremum in the Definition 3.11 of χ e and hence bounded by χ e . All in all we obtain that
which proves the inequality (3.25), finishing the proof of Step 2.
(c) To see that (3.6) holds, it is enough to prove that locally
almost everywhere on D = {φ e = φ}, where x i is a real coordinate on R 2n ( = C n ). To this end let ψ := φ e − φ. By (a) it will be enough to prove the local fact that
Since ψ is in particular a C 1 -function A is a real hypersurface of codimension 1 and in particular of measure zero (w.r.t. Lesbegue meaure). Next, let f := dψ (considered as a local map on R 2n ) and let B 1 be the set where the derivative df (i.e the matrix (df 1 , . . . , df 2n ) does not exist. Since, f is a Lipshitz map it is wellknown that B 1 also has measure zero. Finally, let B 2 be the set where f = 0, df exists, but df = 0. Now using a lemma in [27] where (φ e − φ) (2) denotes the second order jet of the function (φ e − φ).
Remark 3.11. Suppose that L is ample and fix a smooth metric φ + on L with positive curvature. Then ω + := dd c φ + is a Kähler metric on X and the fixed metric φ on L may be written as φ = u + φ + , where u is a smooth function on X. Now the pair (u e , M) where u e := φ e − φ + and M is the set X − D, may be interpreted as a "weak" solution to the following free boundary value problem of Monge-Ampere type:
The point is that, since the equations are overdetermined, the set M is itself part of the solution. Note that in [25] the C 1,1 -regularity of φ e in the case when X = C (corresponding to the setup in [32] ) was deduced from the regularity of a similar free boundary value problem. (x)+φ F ) ) be its point wise norm:
Bergman kernel asymptotics. Recall that H(X, L k ⊗ F) denotes the
We will refer to B k (x) as the Bergman function of H(X, L k ⊗F). It has the following extremal property:
The following "local Morse inequality" estimates B k point-wise from above for a general bundle. 
where the error term o(1) tends to zero uniformly when k tends to infinity.
See [5] for a detailed proof of the lemma including the uniformity of the error term. In [3] the point-wise estimate was shown in the more general setting of ∂-harmonic (0, q)-forms with values in a high power of an Hermitian line bundle. The present case (i.e., q = 0) is a simple consequence of the mean-value property of holomorphic functions applied to a poly-disc ∆ k of radius ln k/ √ k centered at the origin in C n . In fact, the proof gives the following stronger local statement:
where f k is holomorphic function defined in a fixed neighborhood of the origin in C n .
The local estimate in the previous lemma can be considerably sharpened on the complement of the globally defined set D (formula (3.3) ), as shown by the following lemma: 
where
is big and B k now denotes the Bergman function of the Hilbert space H(X, L k ⊗ F), then the inequality (4.6) holds on any given compact subset of X − B + (L) if C k is replaced by a large constant C (depending on the compact set).
In particular, in both cases
Proof. Let us first prove (i). By the extremal property (4.3) of B k it is enough to prove the lemma with B k k −n replaced by |α k | 2 kφ , locally represented by |f k | e −kφ , for any element α k in H(X, L k ) with global norm equal to k −n . The Morse inequalities in the previous lemma give that
with C k as in the statement of the present lemma. Equivalently,
Hence, the singular metric on L determined by
k C k is a candidate for the sup in the Definition 3.1 of φ e and is hence bounded by φ e . Thus,
The proof of (ii) is completely analogous if one takes into account that ln |f k | 2 is now a metric on L k ⊗ F and uses (ii) in Proposition 3.3. Finally, the vanishing (4.7) follows from the dominated convergence theorem (using that the sequence B k k −n is, by Lemma 4.1, uniformly bounded on X), since the righthand side in the previous inequality tends point-wise to zero precisely on the complement of D.
Remark 4.3. When L is ample the supremum, in the definition of C k , in the previous lemma can be taken over the support of (dd c φ e ) n , using a max/comparison principle.
The following lemma yields a lower bound on the Bergman function. 
where G is the set of measure zero appearing in the proof of (c) in the regularity Theorem 3.4. First note that there is a smooth
To see this take trivializations of L and F and local holomorphic coordinates z i centered at x 0 (and orthonormal at x 0 ) such that φ F (0) = 0 and
with λ i the positive eigenvalues of (dd c φ) x 0 w.r.t the metric ω [23] . Fix a smooth function χ which is constant when |z| ≤ δ/2 and supported where |z| ≤ δ; the number δ will be assumed to be sufficiently small later on. Now σ k is simply obtained as the local section with values in L k represented by the function χ close to x 0 and extended by zero to all of X. To see that (i) holds note that, using (4.10),
, where ω n (0) is the Euclidian volume form in C n (since z i are assumed to be orthonormal w.r.t ω at 0). Evaluating the latter Gaussian integral then gives the limit (1/π) n λ 1 λ 2 · · · λ n , proving (i) in (4.9). To prove (ii) in (4.9), first note that
as follows from the definition of χ. Hence, (ii) follows from the fact that for y ≤ δ, if δ is sufficiently small. Combining the latter estimate with (4.10) then proves (4.11) and finishes the proof of (ii) in (4.9).
Step 2. perturbation of σ k to a holomorphic extremal α k . Equip L k ⊗ F with a "strictly positively curved modification" ψ k of the metric kφ e + φ F furnished by Lemma 2.5. Let g k = ∂σ k and let α k be the following holomorphic section
where u k is the solution of the ∂-equation in the Hxrmander-Kodaira Theorem 2.3 with g k = ∂σ k . Hence,
Next, applying (2.7) to the right-hand side above (using that g k is supported on a small neighborhood of x 0 ∈ X − B + (L) and then (2.8) to the left-hand side above gives
Finally, using that φ e ≤ φ on all of X in the left-hand side above gives (4.12) and then (ii) in (4.9) in the right-hand side gives
where (b) is a consequence of (a) and the inequalities (4.5) applied to the local function representing u k which is holomorphic on the ball {|z| ≤ δ/2}. Combining 
where (dd c φ ) ac denotes the absolutely continious part of the the current dd c φ . Boucksom used Bonavero's strong Morse inequalities for singular metrics with analytic singularities. However, when L is big the lower bound (4.13) follows from a variant of the proof of the previous lemma. To see this one first approximates φ with a sequence φ with analytic singularities (as in [10] ) and replace φ with the metric 
Case 2. L is pseudo-effective, but not big. First note that the dimension of
This is well-known, but since it is usually proven for F trivial we will recall the argument here. One argues by contradiction (compare Proposition 6.6f in [19] ): if the dimension would be of the order k n a standard argument gives that H 0 (X, (L k ⊗ F)⊗A −1 ) has a section for k sufficiently large, if A is any fixed ample line bundle. But then
where E is an effective divisor. Since we may choose A so that A ⊗ F −1 is ample this means that L has a metric with strictly positive curvature form (compare formula (2.4)), giving a contradiction. Now given (4.14), the following weak convergence holds: Proof. Case 3. L is not pseudo-effective (and hence not big). In this case it follows directly from the definition that φ e ≡ −∞ and hence the set D is empty. Remark 4.6. As shown in the proof of Lemma 4.4 the set G of measure zero where the point-wise convergence in the previous theorem may fail, can be expressed in terms of the "derivatives" (up to order two) of φ e − φ. The proof of Lemma 4.4 also shows that the L 1 -convergence for the corresponding Bergman functions for weighted polynomials obtained in [5] can be improved to convergence on the complement of G.
Integrating the convergence of the Bergman measure in Theorem 1.3 immediately gives Corollary 1.4 (which is a variant of Fujita's approximation theorem [22] , [10] ) stated in the introduction.
Remark 4.7. Assume that L is big. Fujita's approximation theorem (as formulated in [30] , [20] ) may be stated as
where the supremum is taken over the top intersection numbers of all ample line bundles A occuring in a decompostion (2.3) on some modification of X. In fact, Fujita's proved the upper bound on Vol(L) and the lower bound is considered to be substantially easier. The following two analytical versions are due to Boucksom [10] : The continuity on the (open) cone of big line bundles is, for example, a simple consequence of the formula for Vol in Corollary 1.4 (compare [10] ). To get continuity up to the boundary of the big cone (for example that the limit is zero when L is non-big and pseudo-effective and F is ample) one can replace Lemma 4.4 with the bound (4.13) (as in [10] ). For a more direct algebro-geometric argument see [30] (I Prop. 2.2.35).
The Bergman metric.
The Hilbert space H(X, ) induces a metric on the line bundle L which may be expressed as 
for k sufficiently large, where (Ψ i ) is an orthonormal base for H(X, L k ) [23] . Note that the metric φ k on L is singular precisely on the base locus Bs( |kL + F|) and its curvature current is "almost positive" when k is large. The (almost positive) measures
on X will be referred to as the kth Bergman volume forms.
Proof of Theorem 1.5.
In the following proof it will be convenient to let C denote a sufficiently large constant (which may hence vary from line to line). First observe that the upper bound was proved in Lemma 4.2.
To get a lower bound, fix a point x 0 in X − B + (L). By the extremal property (4.3) it is enough to find a section
To this end take a "strictly positively curved modification" ψ k of the metric kφ e + φ F furnished by Lemma 2.5. Then the extension Theorem 2.4 gives a section α k in H(X, E(k) such that
Applying (2.7) to the first inequality above and then (2.8) to the second one proves (4.18) (also using that by definition φ e ≤ φ).
To prove (1.9) first observe that the weak Monge-Ampere convergence (1.9) on the open set X − B + (L) follows from the uniform convergence (1.7) (see [24] ). Finally, since all measures involved put no mass on B + (L) it is now enough to prove
To this end note that applying formula (4.16) to φ = ln K k (x, x) shows that the left-hand side is bounded by Vol(L) (compare Remark 4.7). By Corollary 1.6 this proves (1.9) and finishes the proof of the theorem. For any line bundle L over X the intersection of the zero-sets of n "generic" sections in H 0 (X, L k ) with X − Bs( |kL|) is a finite number of points (as follows form Bertini's Theorem [23] ). The number of points is called the moving intersection number and is denoted by (kL) [n] .
4.4.
Proof of Corollary 1.6. The proof follows immediately from the convergence in formula (1.9) in Theorem 1.5 and the following fact:
This formula my be deduced by taking a log resolution of the pair (X, B k (L)) (compare [10] ). But it also follows from properties of "random zeroes", once one accepts that
where Z f 1 denotes the integration current determined by the zero-set of f i , is independent of a "generic" tuple ( 
denotes the expectation value (taking values in the space of measures) of the intersection of the zero currents of n random independent sections in H(X, L k ). Here E(.) denotes integration with respect to the Gaussian probability measure on the product (H(X, L k ) n of Hilbert spaces -see Remark 4.10. Changing the order of integration gives
Remark 4.9. Since by Theorem 3.4 the measure µ φ has an L 1 -density w.r.t. any given volume form on X it follows form standard integration theory that the weak convergence of the measures µ k = 1 X−Bs(|kL + F|) (dd c (ln K k (x, x))) n in Theorem 1.5 may be extended to test functions of the form 1 U (x) where U is a smooth domain in X. In other words, Finally, we will show that around the diagonal inbedding of the bulk of X (i.e., the interior of D∩X(0)−B + (L)) in X ×X the Bergman kernel K k (x, y) admits a complete local asymptotic expansion in powers of k, such that the coefficients of the corresponding symbol expansion coincide with the Tian-Zelditch-Catlin expansion (concerning the case when the curvature form of φ is positive on all of X; see [8] and the references therein for the precise meaning of the asymptotic expansion). We will use the notation φ(x, y) for a fixed almost holomorphic-antiholomorphic extension of a local representation of the metric φ from the diagonal ∆ in C n × C n , i.e. an extension such that the anti-holomorphic derivatives in x and the holomorphic derivatives in y vanish to infinite order along ∆. In [8] this was possible for any given point x 0 , since the global assumption that dd c φ > 0 on all of X was used. In the present case, this will next be shown to be possible under the weaker assumption that x 0 is in the interior of the bounded set D ∩ X(0) − B + (L). To this end note that proceeding precisely as in Step 2 in the proof of Lemma 4.4, gives according to formula (4.12) a solution u k satisfying (4.21), but with φ replaced with φ e in the norm of g k . However, since φ e = φ on the set where g k is assumed to be supported this does prove (4.21) and hence finishes the proof of the theorem.
Examples.
Finally, we illustrate some of the previous results with the following examples, which can be seen as variants of the setting considered in [5] .
Example 5.1. Let X be the n-dimensional projective space P n and let L be the hyperplane line bundle O (1) . Then H 0 (X, L k ) is the space of homogeneous polynomials in of degree k in the n + 1 homogeneous coordinates Z 0 , Z 1 , ..Z n . The Fubini-Study metric φ FS on O(1) may be suggestively written as φ FS (Z) = ln ( |Z| 2 ) and the Fubini-Study metric ω FS on P n is the normalized curvature form dd c φ FS . Hence the induced norm on H 0 (X, L k ) is invariant under the standard action of SU(n + 1) on P n . We may identify C n with the "affine piece" P n − H ∞ where H ∞ is the "hyperplane at infinity" in C n (defined as the set where Z 0 = 0). In terms of the standard trivialization of O (1) v∈R n e k( p,v −φ(v)) det (
where p, v and dv denote the Euclidian scalar product and volume form, respectively. Note that in the logarithmic coordinates v i we have that (
Hence, it follows (more or less from the definition) that the graph of the equilibrium metric φ e determined by φ is simply the convex hull of the graph of φ considered as a function of v. In particular, in the "generic" toric case φ e will not be in the class C 2 . Indeed, consider for example the case when n = 1, so that X ∆ = P 1 , and take φ(v) to be an even function with two nondegenerate minima at ±a (Figure 1 .1 in Section 1). Then i.e., minus the exponential of the limit equals the supremum of the distance between points on the graph of φ and points on the graph of φ e . In [24] the limit in the left-hand side above is called the Tchebishev constant and the right-hand side the Alexander capacity (associated to the triple (X, L, φ)).
The following basic example of a big (non-ample) line bundle shows that φ e may be singular on all of B + (L):
Example 5.3. Let X be the blow-up of P 2 and denote by π the projection (blow-down map) from X to P 2 . Let L = π * O(1) ⊗ [E] , where E is the exeptional divisor. Since, E c 1 (L) < 0 any element of L (X,L) is identically equal to −∞ on E. Moreover, as is well-known, E = B + (L). In particular, φ e ≡ −∞ on B + (L). 
